Abstract A general methodology for dynamic modeling and analysis of multibody systems with multiple clearance joints is presented and discussed in this paper. The joint components that constitute a real joint are modeled as colliding bodies, being their behavior influenced by geometric and physical properties of the contacting surfaces. A continuous contact force model, based on the elastic Hertz theory together with a dissipative term, is used to evaluate the intrajoint contact forces. Furthermore, the incorporation of the friction phenomenon, based on the classical Coulomb's friction law, is also discussed. The suitable contact-impact force models are embedded into the dynamics of multibody systems methodologies. An elementary mechanical system is used to demonstrate the accuracy and efficiency of the presented approach, and to discuss the main assumptions and procedures adopted. Different test scenarios are considered with the purpose of performing a parametric study for quantifying the influence of the clearance size, input crank speed, and number of clearance joints on the dynamic response of multibody systems with multiple clearance joints. Additionally, the total computation time consumed in each simulation is evaluated in order to test the computational accuracy and efficiency of the P. Flores ( ) Departamento de Engenharia Mecânica, Universidade do Minho, Campus de Azurém, 4800-058 Guimarães, Portugal e-mail: pflores@dem.uminho.pt presented approach. From the main results obtained in this study, it can be drawn that clearance size and the operating conditions play a crucial role in predicting accurately the dynamic responses of multibody systems.
Introduction
Over the last few decades, the Computer-Aided of Mechanical Systems emerged as an important scientific part of the Applied Mechanics field, with important applications in several branches of engineering [1] [2] [3] [4] [5] . This has been made possible thanks to the impressive improvements of the computers at the level of both hardware and software, due to the creation of robust and accurate computational tools, and due to the demand for analysis of complex multibody mechanical systems. Decades ago, the design of machines and components was based on trial and error and knowledgeable craftsmanship. Later, algebraic methods for analysis eliminated part of the limitations of the trial and error and lead to documented methods used in the design of mechanical components [5, 6] . In today's industry, there is little room for error and a great need for optimized and cost effective production of components and machines with high reliability and durability. Still, all areas of research are to some point based on the construction of models and, therefore, on assumptions and approximations. The development of faster data processing capabilities allowed more accurate and detailed methodologies and techniques inspired to improve the already existing formulations. The analysis of complex multibody systems is an area where in the past few decades faster data processing has lead to an increased research effort. This includes kinematic and dynamic analysis, synthesis, and optimization of the motion forces in multibody systems [3] [4] [5] [6] .
All of the mechanical systems do not have perfect kinematic joints due to functional tolerances between the adjacent segments [7] . Either due to the loads carried by the mechanical devices or misalignments that are required for their operation, real joints must be lubricated [8] , or include bushings [9] , generally made with metals and polymers. By using rubber bushings, a conventional mechanical joint is transformed into a joint with clearance allowing for the mobility of the over constrained system in which it is used [10] . Therefore, appropriate tribological models must be devised in the framework of their application in general multibody systems [11] . The characterization of the normal contact forces in the nonlubricated joints is realized by using the continuous contact force model [12] while their tangential forces are obtained by using appropriate friction force models [13] . Joints with rubber bushings are usually described by the methodology suggested by Park and Nikravesh [10] . However, this is a linear model that does not include coupling between radial and axial or bending loading. A more advanced model for rubber bushings is realized by obtaining the static nonlinear response of the rubber bushings using finite elements and implementing the force-displacement curves as carpet plots in the computational code that supports the analysis [14] .
The serious consequences of the clearance joints on the behavior of the multibody systems have motivated various theoretical and experimental investigations over the last three decades [15] [16] [17] [18] [19] [20] [21] [22] [23] . Furthermore, mechanical systems with clearance joints can have a predictable nonlinear dynamic response [24] [25] [26] . This is an important feature for the design and control of these systems. Consequently, proper modeling of clearance joints in mechanical systems is required to achieve better understanding of the dynamic performance of the machines and mechanisms. This aspect gains paramount importance due to the demand for the proper design of the real joints in many industrial applications. The general purpose computational tools used for the design and analysis of multibody systems have a wide number of mechanical systems modeling features that require the description of rigid or flexible bodies for which geometry, mass, center of mass, moment of inertia, and other relevant properties are defined [27, 28] . The computational codes also provide a large library of kinematic joints that constrain relative degrees of freedom between connected bodies. The kinematic joints available in the commercial programs are represented as ideal joints, that is, there are no clearances or deformations in them. Thus, modeling the dynamics of multibody systems with clearances and imperfections is a challenging issue in mechanical design and much work still remains to be done to achieve satisfactory modeling tools.
The primary objective of this work is to explore the mathematical modeling of real joints in the multibody systems. Furthermore, a parametric study of a planar mechanical system is performed in order to quantify the influence of the main parameters on the dynamic response of mechanical systems with multiple clearances joints. The selected parameters are the clearance size, the input crank speed, the number of joints modeled as clearance joints. During the numerical simulations, the time of computation is evaluated in order to analyze the computational efficiency of the presented methodology. In general, the present research work is expected to be of great use in the analysis of multibody systems with clearance joints, namely in regard to the design and control tasks of such systems.
In a broad sense, there are two main approaches to model multibody systems with contact-impact events, namely the regularized models [29] and nonsmooth dynamics formulation [30] . The regularized approach is in fact a penalty method in which the contact forces and deformations are modeled by a set of springdamper elements that represent the surface compliance of the contacting bodies [12] . This approach is quite simple, very straightforward to implement and presents also a good computational efficiency. In addition, in the regularized approach, there are no impulses at the instant of contact, therefore, there is no need for impulsive dynamics calculations and the contact loss can be easily determined from position and velocity data [31] . One of the disadvantages associated with this formulation is that it can introduce highly-frequency dynamics into the system, due to
